Under the condition that the values of the objective function and its subgradient are computed approximately, we introduce a cutting plane and level bundle method for minimizing nonsmooth nonconvex functions by combining cutting plane method with the ideas of proximity control and level constraint. The proposed algorithm is based on the construction of both a lower and an upper polyhedral approximation model to the objective function and calculates new iteration points by solving a subproblem in which the model is employed not only in the objective function but also in the constraints. Compared with other proximal bundle methods, the new variant updates the lower bound of the optimal value, providing an additional useful stopping test based on the optimality gap. Another merit is that our algorithm makes a distinction between affine pieces that exhibit a convex or a concave behavior relative to the current iterate. Convergence to some kind of stationarity point is proved under some looser conditions.
Introduction
Bundle methods family is based on the cutting plane method, first described in [1, 2] , where the convexity of the objective function is the fundamental assumption. The extension of bundle methods to the nonconvex case is not straightforward; however, it is apparent that a number of ideas valid in the convex framework are also valuable in the treatment of the nonconvex case. In [3] , by combining cutting plane method with proximity control, for minimizing nonsmooth nonconvex function, the authors propose an iterative algorithm which makes a distinction between affine pieces that exhibit a convex or a concave behavior relative to the current point in the iterative procedure, but the exact information of the objective function and its subgradient is needed.
Level bundle method is another method which is easier to implement and has shown encouraging numerical results [4, 5] . Some evidence shows that constrained level bundle methods are preferable under certain conditions. Also, strategies for updating the level parameter are readily available [6] .
In various real-world applications, the objective function and/or its subgradient can be costly (sometimes impossible) to compute. This is particularly true when is given by some optimization problem; for example, ( ) = max ∈ ( , ). In such situations, approximate values must be used. Various inexact bundle methods that use approximate functions values and subgradient evaluations have been studied [7] .
In this work, we combine the level bundle method with cutting plane method involving the idea of proximal control by employing inexact objective function information for minimizing a nonconvex function. The proposed algorithm makes a distinction between affine pieces that exhibit a convex or a concave behavior relative to the current iteration point such that the downward shifting of the affine pieces is not arbitrary. The rest of this paper is organized as follows. Section 2 gives some preliminary results and introduces the basic idea of the proposed algorithm. Section 3 describes formally the cutting plane and level stabilization bundle method with inexact data for minimizing nonsmooth nonconvex functions. Section 4 is devoted to convergence analysis of the
The Construction of the Model
In this paper, we consider the following unconstrained minimization problem:
where : → + is not necessarily differentiable. We assume that is locally Lipschitz; then is differentiable almost everywhere. It is well known that, in [8] , under the above hypotheses, there is defined at each point the generalized gradient (Clarke's gradient):
where Ω is the set, where is not differentiable, and ( ) is locally bounded. An extension of the generalized gradient is the Goldstein -subdifferential ( ) defined as
which is first described by Goldstein in [9] . The Goldstein subdifferential is both outer and inner semicontinuous as a multifunction of and . Throughout the paper, we assume that, given ∈ , the oracle provides some approximate values ∈ and ∈ of the objective function and its subgradient, respectively, such that
where ∈ and ≥ 0 are some unknown errors. Specifically, is uniformly bounded; that is, there exists ≥ 0 such that
Let̂be the current stability center; the bundle of available information is the set of elements:
where is the linearization error defined by
and = ‖̂− ‖. With this information, we create the linearization
At iteration , a polyhedral cutting plane model of is available:̌(
Suppose there exists > 0 such thať( ) ≤ ( ) + , ∀ ∈ , and is uniformly bounded; that is, there exists > 0 such that ≤ , ∀ . We recall that the classical cutting plane methods [1, 2] minimizě( ) at each iteration, and the minimization of̌( ) can be written in linear programming form:
which is equivalent to solving
where = −̂. We divide the set into two sets + and − defined as follows:
We observe that + is never empty since ∈ + . By using + and − , we define two piecewise affine functions:
In fact, Δ + ( ) can be regarded as an approximation of the difference function ℎ( ) =̂+ −̂. Because Δ + (0) ≤ 2 and Δ − (0) > 2 , thus Δ + (0) < Δ − (0); it is reasonable to consider the approximation Δ + ( ) significant as far as
Therefore we introduce a kind of trust model:
Let ] be a nonnegative scalar representing how much we aim to reduce the valuêat the current iteration. Define the corresponding level parameter =̂− ] . Since ( ) > 0, > 0. Then the level set associated witȟ(⋅) and is given by
We obtain the search direction by solving the following convex quadratic subproblem, parameterized in the nonnegative scalar , where the first two constraints ensure ∈ and the last constraint represents the idea of level bundle method:
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Observe that ≤ 0 since (V, ) = (0, 0) is feasible. We have consequently that the optimal value V cannot be positive.
The dual problem of ( ) can be written in the form
where + and − are matrices whose columns are, respectively, the vectors , ∈ + and , ∈ − and + and − are vectors whose components are , ∈ + and , ∈ − , respectively. and are the vectors with components , ∈ + , , ∈ − , and = (1, 1, . . . , 1) , ∈ + . The primal optimal solution (V , ) is related to the dual optimal solution ( , , ) by the following formulae:
Before giving a description of the algorithm, we state some simple properties of ( ).
Lemma 1. Let 0 < 2 < 1 ; then the following conclusions hold:
Proof. We omit the proof since the conclusions can be obtained by imitating the proof of Lemma 2.1 [3] .
Lemma 2.
For any > 0, the following conclusions hold:
Proof. The conclusions can be obtained by imitating the proof of Lemma 2.2 [3] .
Algorithm
In this section, we state the algorithm in full detail and give some comments on it.
Algorithm 3. We have the following.
Step 0 (initialization). The following global parameters are to be set: the stopping tolerances > 0, Tol Δ ≥ 0, the proximity measure ≥ 0, the descent parameter ∈ (0, 1), the cut parameter ∈ ( , 1), the reduction parameter ∈ (0, 1), the increase parameter > 1, and the level measure parameter Step 1 (first stopping test). If ‖̂‖ ≤ , then terminate.
Step 2 (second stopping test). Set Δ =̂− low . If Δ ≤ Tol Δ , then stop.
Step 3 (level feasibility checking). Set the level parameter = − ] . If the level set defined by (15) is detected to be empty, then set low = , ] = (1− )(̂− low ) and go back to Step 2. Otherwise set min = /2‖̂‖, max = min , and ( ) = min .
Step 4 (direction finding). Find the solution (̂, V̂) of (̂) for increasing value of , such that
wherêequals the minimum value of ∈ [ min , max ] if such does exist; otherwise set̂= max .
Step 5 (bundle updating). Set
If ‖ * ‖ ≤ , then terminate.
Else set max = max − ( max − min ); go to Step 4.
Step 6 (trial point calculating). Set +1 =̂+̂, calculate
Step 7 (index insertion). where =̂−̂+̂+ ( )̂.
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Step 8 (descent test). If ‖̂‖ ≤ , go to Step 5. Choose ), set = + 1, and go to Step 9 (null step).
Step 9 (resolving ( ) or ( )). Solve ( ) or, equivalently, ( ), to obtain the primal and dual optimal solutions (V̂,̂) and (̂,̂,̂) and go to Step 6. That is the end of the algorithm. A few comments on the algorithm are in the following order.
(a) Step 1 is justified by the optimality estimate.
Step 2 is another stopping criterion. = 0 means that ≤̌( ) ≤ ( ) + , ∀ ∈ , and since the update sets low = , it holds that low ≤ inf + for all . If Algorithm 3 stops at Step 2, we have that
which means that̂is a (Tol Δ + + )-approximate solution to problem (1) . If at Step 2 the rule =̂− ] is replaced by = +∞ for all , Algorithm 3 becomes an approximate proximal bundle algorithm.
(c)
Step 4 may use the dual quadratic programming method of [10] , which can solve efficiently sequences of related subproblems ( ) with varying . The construction of̂at Step 4 may be discretized by repeatedly solving ( ) for increasing values of or by adopting techniques of the type described in [11] .
(d)̂≤ is never a consequence of the choice of too small̂. In fact, we note that if ‖̂‖ > , it holds that min ≤ 2 min̂+ 2 min = 2 (̂+ ) .
The right-hand side of the above inequality is bigger than , so too small̂cannot lead tô≤ ; therefore we need to increase the value of .
(e)We remark that the insertion of a bundle index into
Step 7 is not simply based on the sign of .
(f) The level constrainť( ) ≤ provides an additional useful stopping test based on a certain optimality gap, something not present in cutting plane methods. It should be noted that this additional stopping test is useful, as usual proximal bundle methods sometimes "take time" to accumulate enough information to recognize that an acceptable approximate solution has been already computed.
(g) To keep the size of problem (16) manageable, the number of elements in bundle should be kept bounded, without impairing convergence. For this, the usual aggregation techniques of proximal bundle methods can be employed here. Specifically, the model can be composed of as few as only two cutting planes, corresponding to the new linearization and the aggregate linearization.
Convergence Analysis
Convergence analysis of Algorithm 3 has to account for all the following cases: the level sets are empty for infinitely many times; (26) infinitely many descent steps are generated; (27) finitely many descent steps are generated.
For the first case (26), if the stopping tolerance Tol Δ is positive, then the method terminates with an approximate solution in a finite number of iterations.
Lemma 4.
Suppose the level sets are empty for infinitely many times; then Δ → 0:
(29)
And every cluster point of the sequence {̂} (if any exists) is a ( + )-approximate solution to problem (1).
Proof. Since low > −∞, Δ < +∞. Also, by Steps 3 and 8,
which means that if is empty at iteration , then the update decreases the optimality gap Δ by a factor of at least (1 − ).
Hence if this happens infinitely many times, we have Δ → 0 as → ∞. Moreover, we have Δ =̂− low ≥̂− inf − . As {̂} is decreasing and bounded below (̂= (̂) − > (̂) − > inf − > −∞), we conclude that
which gives (29). Let̃be any cluster point of {̂}, and let {̂( ) } be a subsequence converging tõas → ∞. Then
which establishes the last conclusion.
From now on, we consider the case when ̸ = 0 for large enough. Without loss of generality, we can simply assume ̸ = 0 for all . For cases (27) and (28) we make the following assumptions:
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where
Remark 5. Assumption (A2) is a looser condition than the one emerging in [3] , where the condition that is weakly semismooth is required.
Next we introduce Lemma 6 to see what will happen if no really new stability center is generated; that is, there exists the last stability center and from then on only null steps are generated. Proof. (i) The conclusion can be obtained by noting that no bundle index can be inserted into − as soon aŝfalls below the threshold /(2‖̂‖ + 2 ).
(ii) Since the sufficient decrease condition (23) is not satisfied, it follows that V̂< V̂<̂+̂−̂.
According to the inexact data in Assumption (4),̂+̂− ≤ (̂+̂) − (̂) + 2 , by mean value theorem there exists a scalar ∈ (0, 1) such that
Thus the conclusion follows from Assumption (A2).
(iii) Observe that the condition ( )̂≥ V̂− 2 is ensured either by construction or by the fact that
whenever̂≥ −2 . Now we consider the case of infinitely many descent steps; we prove that either an approximate solution is achieved at
Step 5 or we obtain a really new stability center̂+ 1 ̸ =̂. 
which leads to a contradiction. Next we show that it is impossible to havê> for infinitely many times and the descent condition (23) is not satisfied with the algorithm looping between Steps 6 and 9. Indexing by ∈ the th passage through such a loop, we observe that, by Lemma 6 (i), there exists an index such that, for every ≥ , the sequence {̂} is nondecreasing, bounded, and hence convergent. Moreover, {̂} is bounded; it admits a convergent subsequence, say {̂} ∈ ⊂ . The above consideration implies also that {V̂} ∈ ⊂ is convergent to a nonpositive limit, say V. Next, we can imitate the proof of Lemma 4.2 in [3] to show that V = 0, which, by Lemma 2 (iii), contradicts the fact that ‖̂‖ > .
Finally we show after a finite number of descent steps that Algorithm 3 stops at a point satisfying the condition of some kind of approximate solution. 
Since min = /2‖̂‖ and ( ) = min , so ( ) ≥ 2 /2 0 , where 0 is the Lipschitz constant of on 0 . It follows from ‖̂‖ > ( ) ≥ 2 /2 0 that ‖̂‖ is bounded away from zero.
Then from Lemma 2(iii), V̂is bounded away from zero as well. Therefore by passing to the limit we obtain 
Conclusions
In this paper, we propose a new algorithm for nonsmooth nonconvex minimization by employing the approximate values of the objective function and its subgradient. It combines the cutting plane method, level bundle method, and the idea of proximal control. The aim is to take advantage of good properties of all above-mentioned methods, thus speeding up the optimization process. In addition, the algorithm provides a useful stopping test based on the optimality gap, something not present in the proximal bundle methods. Compared with bundle methods for nonsmooth nonconvex functions, the amount of the shifting of affine pieces appears somehow arbitrary, but in our paper, the use of downward shifting is restricted to some particular cases.
